PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: February 9, 2008
ACCEPTED: March 5, 2008
PUBLISHED: March 13, 2008

O(a) improvement of the HYP static axial and vector
currents at one-loop order of perturbation theory

ALPHA

Collaboration

Alois Grimbach
Fachbereich C, Bergische Universitat Wuppertal, 42097 Wuppertal, Germany

E-mail: krimbach@phvsik .uni-wuppertal. dd

Damiano Guazzini

DESY, Theory Group, Platanenallee 6, D-15738 Zeuthen, Germany
E-mail: damiano.guazzini@desy.dq

Francesco Knechtli

Fachbereich C, Bergische Universitat Wuppertal, 42097 Wuppertal, Germany
E-mail: knechtli@physik.uni-wuppertal.dd

Filippo Palombi

CERN, Physics Department, TH Division, CH-1211 Geneva, Switzerland
E-mail: filippo.palombi@cern.ch

ABSTRACT: We calculate analytically the improvement coefficients of the static axial and
vector currents in O(a) improved lattice QCD at one-loop order of perturbation theory. The
static quark is described by the hypercubic action, previously introduced in the literature
in order to improve the signal-to-noise ratio of static observables. Within a Schrédinger
Functional setup, we derive the Feynman rules of the hypercubic link in time-momentum
representation. The improvement coefficients are obtained from on-shell correlators of the
static axial and vector currents. As a by-product, we localise the minimum of the static
self-energy as a function of the smearing parameters of the action at one-loop order and
show that the perturbative minimum is close to its non-perturbative counterpart.
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1. Introduction

The hypercubic (HYP) link has been introduced a few years ago in order to study the
static quark/anti-quark potential with improved statistical precision [[]. In this context it
proved to be remarkably effective at large quark distances, where a description of the static
propagators in terms of thin gauge links was known to lead to an excessive noise. The origin
of the statistical improvement has been subsequently identified as due to a strong reduction
of the static self-energy for appropriate choices of the HYP smearing parameters [g].
Since the binding energy of static mesons is amplified by self-energy contributions, the
adoption of the HYP link as a parallel transporter in the static action, originally introduced
in ref. [B], has allowed for lattice simulations with smaller binding potentials, thus triggering
an exponential improvement of the signal-to-noise ratio of meson correlators at large time

distances. This helped significantly in several applications of Heavy Quark Effective Theory
(HQET) [-f].



On a theoretical side, the HYP smearing procedure looks superior to other techniques
in that it mixes gauge links within hypercubes attached to the original link only, which
allows to preserve locality to a high degree.

In spite of the statistical gain, the HYP link brings on an increase of operational com-
plexity, which in some applications has compelled to resort to approximations. For instance,
this is the case with the O(a) improvement of the static-light bilinear operators, which has
been addressed to in [E, ] In these papers the improvement of the static axial and vector
currents is obtained by imposing that on-shell renormalised correlators of the currents with
different choices of the HYP smearing parameters differ by O(a?) effects. Obviously, this
procedure allows to relate the operator improvement coefficients corresponding to different
static discretisations, but in order to isolate all of them, the improvement coefficients must
be known for at least one choice of the smearing parameters.

An approximate solution has been obtained by using a one-loop perturbative evalu-
ation of the improvement coefficients with static discretisations characterised by simpler
lattice Feynman rules, such as the original Eichten-Hill (EH) one or the so-called APE dis-
cretisation (see [P and section 2 for definitions). The approximate solutions thus obtained
for other choices of the HYP parameters are therefore affected by O(gg) systematic errors.
As such, they have to be regarded as effective estimates, which are neither purely one-loop
perturbative, nor fully non-perturbative. Of course, the amount of the O(gg) terms can be
assessed only if the one-loop value of such improvement coefficients is known exactly.

The aim of the present paper is precisely the analytical determination of the improve-
ment coeflicients of the static axial and vector currents at one-loop order of perturbation
theory (PT) for the most convenient choices of the HYP link. In order to accomplish this,
we adopt a formalism based on the Schrédinger Functional (SF) [, [L], derive the lattice
Feynman rules of the HYP link at one-loop order of PT in time-momentum representation,
and follow [[Id, [LT] as for the choice of the operator improvement conditions.

As a by-product, we also calculate the static self-energy at one-loop order as a function
of the smearing parameters and perform a numerical minimisation of it. Remarkably, the
minimum of the self-energy is found for a choice of the smearing parameters which is very
close to what is nowadays called the HYP2 action [B], thus showing that the self-energy is
dominated by perturbation theory!.

The paper is organised as follows. In section 2 we review some basic definitions and
introduce our notation for the HYP static action. Section 3 is devoted to a discussion of
the effects of the SU(3) projection, used in the HYP procedure, at one-loop order of PT;
we show that some results, previously known in the literature, are largely independent of
how the projection is defined. In section 4 we provide a simple derivation of the Feynman
rules of the temporal HYP link in time-momentum representation. A systematic study
of the one-loop static self-energy is described in section 5. In section 6 we collect our
results for the improvement coefficients. Conclusions are drawn in section 7. For the sake

!The perturbative minimisation has been performed originally by R. Hoffmann using periodic boundary
conditions, but it has never been published. We did it independently and are grateful to him for private
communications.



of readability we strived to avoid as much as possible unessential technicalities. For this
reason, algebraic details have been almost completely confined to the appendices.

2. Notation and basic definitions

2.1 HYP static action

In order to set-up the notation, we review some basic formulae concerning the static theory
and the HYP link. Static quarks are represented by a pair of fermion fields (¢, ,%y;),
propagating forward and backward in time, respectively; their dynamics is governed by the
lattice action [J]

S oy ) = at Y [n(2) Vi (2) — Wy (2) Vorbg ()] (2.1)

where the forward and backward covariant derivatives Vg, V{ are defined via

1

Vot (z) = - [Wo(2)yg(x + a0) — ¢y()]
VST/’h(w) = % [1/1h(x) — Wo(z — aﬁ)_lwh(w - a@)} . (2.2)

The field ¢, (¥},) can be thought of as the annihilator(creator) of a heavy quark. Simi-
larly, 1 (1) creates(annihilates) a heavy anti-quark. Each field is represented by a four-
component Dirac vector, yet only half of the components play a dynamical role, owing to
the static projection constraints

_ — 1
P+¢h:7/)ha Y Pr =y, P+:§(]l+’70)§

Py =95, UpP =v;, P = %(1 — %) - (2.3)

The static action has a functional dependence upon the parallel transporter Wy, which
is assumed to be represented in this paper by a temporal HYP link. According to the
original definition [fl], the HYP link is obtained through a three-step recursive smearing
procedure, where the original thin link is decorated with staples belonging to its surround-

ing hypercube, i.e.

W, (x) EWE’) () =Psue) |(1—a1)U, Z I/V(2 (:E+&V)W£i2(:1:+au)q
- il/#u
(2.4)
_ N ) )
- EpFv,u
(2.5)
Wlsly)p(x) = Psues | (1 — a3)U, Z Uy ( (x + an)Upy(x + aﬂ)q ,
- in#mv H
(2.6)



where U_,(z) = U):(x —aj). In eq. (B4) U, denotes the fundamental gauge link and the
index v in W,Sz,z indicates that the fat link at location x and direction j is not decorated with
staples extending in direction v. The decorated link Wﬁ’ is then constructed in eq. (P-§)
with a modified APE blocking from another set of decorated links, where the indices pv
indicate that the fat link Wﬁlg v in direction p is not decorated with staples extending in
the p or v directions. Finally, the decorated link Wls;lg,, is constructed in eq. (.6) from the
original thin links with a modified APE blocking step where only the two staples orthogonal
to p, v and p are used. After each smearing step, the new fat link is projected onto SU(3).

Popular choices of the smearing parameters are represented by

EH : (al,ag,ag) = ( 0.0, 0.0, 0.0), (27)
HYP1 : (a1, 9,3) = (0.75, 0.6, 0.3),
HYP2 : (al,ag,ag) = ( 1.0, 1.0, 05) .

The APE action of ref. [f] is characterised by a parallel transporter, which is not
projected onto SU(3). Therefore, the action cannot be generated through a HYP link for
any choice of the smearing parameters at a non-perturbative level. Nevertheless, the SU(3)
projection is irrelevant at one-loop order of PT, as shown in next section. It follows that,
as far as we are concerned here, the APE action is obtained from

APE : (a1, 09,a3) = (1.0, 0.0, 0.0) . (2.10)

2.2 O(a) improvement of the static currents

We adopt a SF topology where periodic boundary conditions (up to a phase 6 for the light
quark fields) are set up on the spatial directions and Dirichlet boundary conditions are
imposed on time at xg = 0,7. We also assume no background field in our theory. The SF
formalism has certain advantages, which have been widely discussed in the literature; we
refer the reader to [[[4] for an introduction to the subject. In particular, it is here adopted
since it allows for an easy on-shell formulation of the improvement problem.

In this paper, we are interested in the static axial and vector currents

AT (2) = (@) 0750 (@) (2.11)

Vett(x) = o (@)r0vy (x) - (2.12)

The O(a) improvement of these operators with Wilson light and EH static quarks has been
studied at one-loop order of PT in [[[0, [[T]. The general improvement pattern is as follows:

(A0 = Z3(1 + B amg) (A1), (213)
(V)0 = Z3% (14 B amg) (Vo (214)

with
(A1) = AT +ac™SAF AT (@) = Blahyng (T4 T3) () 1 (215)
(50 = V™ +ac® Vg™, 0V5(e) = ey (V54 97) (o) . (216)



stat stat

The improvement coefficients 5%, 8%t p5at and b8 depend on the gauge coupling and

are perturbatively expanded according to
cStat — c;tat(l)gg +0(gd), (2.17)
1
B = L@ Lol X=AV @218)

We do not review explicitly the improvement conditions used in [I{, [J] here, but perform
the same perturbative analysis with HYP action and refer the reader to those papers for
details. In particular, we extract the one-loop improvement coeflicients citat(l) and bitat(l) of
the static axial current as explained in appendix B of }, and the one-loop improvement

coeflicients ci’,tat(l) and bsvtat(l) of the static vector current according to eqgs. (4.3)-(6.13)

of [[L0].

3. SU(3) projection at one-loop order of PT

The SU(3) projector Psys, is not uniquely defined and the resulting HYP link depends
in principle upon the chosen definition. Here we follow [P]: if A denotes a generic 3 x 3
complex matrix, its projection M onto SU(3) is defined by

M= X X = A(ATA)7Y2, (3.1)

{/(det X))’

i.e. the matrix A is first unitarised, and then its determinant is rotated to one. Another very
popular definition goes through the maximisation (minimisation) of the real (imaginary)
part of tr(MTA). The latter has been employed in particular in [[[J], where two valuable
propositions have been proved, which allow for a substantial simplification of perturbative
calculations at one-loop order. The propositions concern the adjoint field of the HYP link,
when this is expanded in power series of the adjoint (gluon) field of the fundamental gauge
link. They read as follows:

1. the linear term of the series is invariant under the action of Psye);

2. the quadratic term is anti-symmetric in the gluon field.

Although the proof proposed in [[[J] is based on the specific definition of the SU(3)
projector as max,s{Retr[MTA]}, the above statements hold as well if eq. (B.1)) is adopted
instead. A proof of this is straightforward. To fix the notation, we define the gauge field
q;(z) of the fundamental link via

Uyu(x) = explagoqy (2)T"}, (3.2)

where {T%},—1. g denotes an anti-hermitian representation of the Gell-Mann matrices.
Following [[§], the unprojected APE-blocked links of eqs. (R.-4)-(R.6) are written in the

general form

Va@) =1 + ago Y fu(@9)a(y) + a5 Y huup(,y,2)a. (1)a,(2) + O(g5), (3.3)

vy vpiyz



with real vertices f,h depending on the level of the HYP smearing and g,(z) = ¢j(z)T*.
It should be observed that, since V), is neither a SU(3) nor a U(3) matrix, no gauge field
can be associated with it. Projecting the link according to eq. (B.1)) leads to

= 1+ ago ) fuw(,y)a(y)

vy

“thwx% a(y), 4(2)]

Vp;yYz

a’ go 7 b 9) fup(@. 2)a0 (1), (2)

vpyz

+ 0(45) (3.4)

V) [Vieva@]

and

det{VM(az) [VJ(x)Vu(x)]_l/z} =1+ 0(gd) . (3.5)

Eq. (B-f) can been easily checked through an algebraic program, such as FORM [If]. The
projected link Psy) [V, ()] is now in SU(3) by construction. Consequently, we are allowed
to introduce a smeared gauge field

Psus[Vu(z)] = exp{agovy, ()T} . (3.6)

As a remark we also note that, since the perturbative expansion of the staples generates
gauge fields at all orders in PT, v, cannot be assumed as a linear function of g,, and has
to be perturbatively expanded in its turn, i.e.

va =1, + ag! + O(?) . (3.7)
Accordingly, eq. (B.§) reads
’ " a293 ) 3
Psua [Vu(@)] =1 + agov, + a? 90” + 5 Vnbu + O(gp) - (3.8)

Equating eq. (B-4) and eq. (B.§) order by order in the bare coupling allows to express the
smeared gauge field in terms of the unsmeared one. In particular

O(gg) : 1 =1, (3.9)

O(gp) : v, = Zf;w z,9)aqv () , (3.10)

O(gg) : UZ =35 Z hHVP x,y,z (y)v(JP(z)] . (311)
prz

Egs. (B.10)-(B.11) correspond precisely to propositions 1 and 2 of [[[§]. It is worth noting
that tadpole diagrams associated with eq. () do not contribute to any one-loop pertur-
bative calculation in absence of a background field, although they are O(gg). Indeed, the
commutator [T%, T = — f2%°T¢ is anti-symmetric in a « b, while the Wick contraction



<q“qb> is symmetric. Nevertheless, one should avoid the conclusion that tadpoles do not
contribute at all, because terms such as vL(m)vL(m) have to be always considered. More-
over, the vanishing of the above-mentioned contributions is not anymore true in presence
of a background field, where PT becomes more cumbersome.

To summarise, eqs. (B.10)—(B.11) show that the smeared gauge field can be taken
as a linear function of the unsmeared one at one-loop in PT and zero background field.
The effect of the SU(3) projection can be disregarded in the linear term, and non-linear
contributions should be discarded when deriving the Feynman rules of the HYP link.

4. Feynman rules in time-momentum representation

Translational invariance along time is broken within the SF formalism. This fact compli-
cates perturbation theory, which is usually worked out in momentum space, and makes it
natural to adopt a mixed approach, known as time-momentum representation, where only
the spatial coordinates are Fourier transformed. Accordingly, tree-level propagators and
interaction vertices are functions of time and spatial momenta.

We derive the Feynman rules in time-momentum representation for the temporal com-
ponent of the HYP link according to two different and independent procedures. The first
derivation makes use of the results obtained in full momentum space [ and arrives at
time-momentum representation by inverse Fourier transform in time. This is possible in
presence of homogeneous Dirichlet boundary conditions, which allow to continue the SF
periodically to all times with no non-trivial terms at the boundaries. The second derivation
follows by direct construction upon representing the HYP smearing as a lattice differential
operator acting linearly on the fundamental gauge fields. In this section we report only
the first derivation; the second one, which is quite lengthy, is sketched in appendix A. For
the sake of completeness, we report in appendix B the Feynman rules in time-momentum
representation for the spatial components of the HYP link, which may be useful for some
applications of HQET (e.g. see ref. [{]) and for dynamical n-HYP [[L§].

In order to fix the notation, we define the smeared gauge fields of the three levels of
the HYP procedure according to

Wlsk)(az) = exp{agoBfﬁ)(ﬂi)}, kE=1,2,3. (4.1)

Under the assumption of periodic boundary conditions in space and homogenous Dirich-
let ones in time without nontrivial boundary terms in the action, the gauge field of the
fundamental (and smeared) link admits a 4-dimensional Fourier transform

2 T

T
qu(x) = 7i Zelm zQ:lwq (p), a <pu= fn“ < = (4.2)

where L is the toroidal extension of the space-time dimensions and the additional phase
shift in direction [ is due to the very definition of the gauge fields, which are supposed to live
between neighboring lattice points. Factorising the loop-sums over the spatial directions
allows to express the gauge field in time-momentum representation in terms of the fully



Fourier-transformed one, i.e.

1 ) 1 ) T 1 S
w(x) = 73 > e [Z > e”’o“’”‘)e%p”qo(p)] =13 > e®*Go(z0; p) , (4.3)
p Po P
1 .
qr(x) =73 Zesz 5Pk [f Zelpomo% ] I3 Zesz 3Pk Gy (205 P) - (4.4)
Ppo

By direct comparison, it follows

o(z0: P) Zewomoe 2P0Go(p) , (4.5)
w(To; P) Z oo g (p) . (4.6)
We now consider the Feynman rules in momentum representation [[[7,
BE) (p) = fu(0)dn(p) + O(g0), (4.7)
where
aq R (7] ~ ~
Fur(®) = 0 | 1= =D (@®5p)p(0) | + - (aBu) (0B Y (1) (4.8)
p
a 9 . . a0
Qu(p) =14+ as(1 4+ a3) — f(l + 2a3)a2(p pi ,2, 2 3 H (4.9)

NFEpV

3)

Since we are interested in the static propagator, we focus on B, for which we get

B (20 p) = Lzewoxoe?m [foo p)do(p +Zf0k Pak)| (4.10)
k=1

We then observe that
3

fool®) =1 = (@R 0e(p) (4.11)
k=1
Qok(p) =1+ as(1 + ag) — “2(1+ 208) (0% + a%) + (@B (@%B) . (412)
(57 Z) J‘ ]% Y
Jor(p) = S (ao) (apr) Q0 (p) - (4.13)

6

The above equations show in particular that ¢, and foo depend only upon the spatial
components of the Fourier momentum. Therefore,

B(()?)) (z0; ) =foo(P)do(z0; P) +
3
+ 2 Z(aﬁk)QOk(P)% Zeipoxoei%po (apo)dr(p) + O(go) - (4.14)

6
k=1 Po



i w(i)  s(i) Voi(P)

0 0 0 1— 2953 a®p2Qok(p)
1,2,3 i 0 +59% ap ) Qi) (P)
456 i—-3 1 —281ap,, () Qo) (P)

Table 1: Feynman rules of the temporal HYP link in time-momentum representation.

The second term on the right hand side of the previous equation can be easily worked out,
and we finally obtain

3
B§Y (x0:p) = foo(p)do(z0; p) — % > (apr)Q0x(P) Aok (0; P) - (4.15)
k=1

A very compact way of writing the above expression is by introducing an effective vertex
and auxiliary indices, i.e.

6
B§Y (x0;p) = > Vou() (i) (o + as(i); p). (4.16)
=0

all collected in table [ Comparing the latter with table 4 of [f] shows that the Feynman
rules of the HYP link resemble closely those of the APE one, from which they differ by the
presence of a form factor Q.

5. The static self-energy at one-loop order in perturbation theory

The binding energy FEgiat of a static-light meson controls the exponential decay rate of
the associated two-point function. It depends upon the choice of the parallel transporter
and diverges linearly in the continuum limit. As such, it can be perturbatively expanded
according to

1
Estat ~ Eself + O(ao) ~ 56(1)98 + ... (51)

The coefficient e represents an ultraviolet property of the static action. Accordingly, it
is insensitive to the specific correlation function from which it is measured, as well as to
the choice of the boundary conditions.

In appendix A of ref. [, e is defined from the SF boundary-to-boundary correlator

?h, made of two static quarks propagating across the bulk region. Here we adopt a

different definition and extract e!) from the boundary-to-boundary correlator 5% made
of one static and one relativistic propagator?, i.e.
stat(l)
(1) - . a 1, self
e/ =— lim — .
sta’ 0
a/L—0 L f1° +(0)

(5.2)

2For the original definition of f§***, see eq. (3.23) of ﬂ]
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Figure 1: Feynman diagrams contributing to the static self-energy at one-loop order of PT. Eu-
clidean time goes from left to right. Single (double) lines represent relativistic (static) valence
quarks.

where fftzszl ) denotes the sum of the two Feynman diagrams depicted in figure [l, with the
light-quark line kept at tree-level. Evaluating eq. (f.J) leads to the expression

2
(1) _ (1) k1 ko k3
e\t = €l kpks X1 O Q5% (5.3)
k1koks=0

with non-zero coefficients e,ill)kz ks collected in table B. A derivation of eq. (p.J) is reported

in appendix [(. The static self-energy is a multivariate polynomial of (v, 2, a3). The
structure of the polynomial is triangular, i.e. the only non-vanishing contributions are at
0 < k3 < kg9 < k1 < 2. This is an obvious consequence of how the three steps of the HYP
smearing are defined in eqs. (R.4)-(2.9).

It is also worth noting that higher order perturbative corrections to eq. (b.1]) have the
same functional form (but different coefficients) as eq. (5.d), since no HYP links appear
in the light quark action, and therefore dynamical quark loops are directly connected to
thin gluons only. This is not true anymore if the HYP link (or variants of it) enters the
covariant derivatives of the Wilson action, such as in ref. [[§. In this case, dynamical
quark loops may have a functional impact on the static self-energy.

A numerical minimisation of the coefficient e(!) as a function of the smearing parame-
ters is easily performed. To this aim we used a MATLAB routine. The global minimum is
found for a choice (af, as, a}) given by

et = €Wt azap = 0.03520(1), (o}, a3,03) = (1.0, 0.9011, 0.5196) . (5.4)

min

A two-dimensional contour plot of e(!) as a function of as and az at aq = 1.0 is
shown in figure fl. Remarkably, the perturbative minimum is obtained with a choice of the
smearing parameters which is very close to the HYP2 definition, see eq. (.9), found via a
numerical minimisation performed at a non-perturbative level [B, BJ]. The closeness of the
perturbative and non-perturbative minima suggests that the static self-energy is dominated
by PT, as intuitively expected. A perturbative comparison between eq. (5.4) and HYP2 is
also possible: we find eggpz = 0.03544(1), which is slightly higher than the result reported
in table 1 of [B] and differs by 0.7% from the perturbative minumum.

We also note that our estimate of eg\)(m is in perfect agreement with the one of ref [[[9].

6. Determination of the improvement coefficients

Once the Feynman rules of the HYP link are known in time-momentum representation, the
extraction of the improvement coefficients of the static axial and vector currents at one-loop

— 10 —
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Figure 2: Contour plot of the coefficient e(!) as a function of ap and as at oy = 1.0. The colour
spectrum goes from violet (higher values) to red (lower values).

order of PT can be performed along the lines of refs. [[L], [L1]. As already warned in section 2,
we do not review here the improvement conditions (and related perturbative equations)
used in those papers, since our analysis has nothing new to add from a methodological point
of view3. Instead, the reader is referred to appendix B of [[L1]] as regards the improvement
coefficients i and b5 and to eqgs. (4.3)-(6.13) of [[L{] as for ci,tat(l) and bi,tat(l).

Upon this premises, we collect our results in table Bl It is understood that all the
conditions employed define the improvement coefficients up to O(a) terms and need to be
extrapolated to the continuum limit.

For what concerns the axial current, we obtain the coefficient citat(l) from three inde-
pendent improvement conditions, i.e. at § € {0.5,0.75,1.0} and renormalised quark mass

stat(1) stat(

z = Lmg = 0.0. Having determined c, , we obtain b, U from three new indepen-

dent conditions, i.e at § € {0.0,0.5,1.0}* and z = 0.24. Continuum approach is shown in
figures f- @

As for the vector current, we obtain the coefficient ci,tat(l) from three different im-
plementations of the axial Ward Identity, corresponding to pairs of #-angles (01,62) €

3However, we observe that, while reproducing the calculation of bitat(l) with EH action, we have found

a little mistake in eq. (B.20) of [EI] This equation should be replaced by

0 = 1+ Pam?) XD + 200X O]+ 0 O am®P X (6.1)

and the correct value of the improvement coefficient is bf’fat(l) = 0.0041(4) with EH action and bf’fat(l) =
0.0925(6) with APE action. Note that the latter differs from eq. (3.8) of [E], which has been determined
using the wrong value of bitat(l) [EH] as an input. Note also that all these values for bitat(l) are numerically
rather small. The mistake has been discussed with and recognised by the authors of refs. [@, ﬂ]

41t is not possible to obtain citat(l) at @ = 0, since the operator § A5 vanishes at tree-level for this

particular choice of the #-angle.

— 11 —
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0,0,0]  0.168487(1)
[1,0,0] —0.222222(1)
[1,1,0] —0.041164(1)
[1,1,1] —0.015484(1)
[2,0,0]  0.111111(1)
2,2,0]  0.023521(1)
2,2,1] —0.002620(1)
(1)

2,2,2]  0.019055(1

Table 2: Coefficients of the static self-energy at one-loop order of PT.

action X c;tat(l) b;tat(l)

HYP1 A 0.0029(2) 0.0906(2)
HYP1 V  0.0223(6) -0.0212(8)

HYP2 A 0.0518(2)  0.142(1)

HYP2 V  0.0380(6) -0.0462(8)

Table 3: Improvement coefficients of the static-light currents at one-loop order of PT.

{(0.0,0.5), (0.0,1.0), (0.5,1.0)}, and the coefficient b?,tat(l) from the ratio of a three-point
correlator of the static vector current at renormalised quark masses (z1,22) = (0.0,0.24)
and three values of the f-angle, viz. 6 € {0.0,0.5,1.0}. Convergence to the continuum
limit is shown in figures f-.

In all cases, different definitions lead to a consistent continuum limit. The uncer-
tainty on the final numbers has been estimated as the maximal difference of the continuum
extrapolations corresponding to independent definitions. Data fits have been performed
according to the asymptotic expansion

(2 =crm(2) e m(B)n(2) 4 () e ma(2) b (2) o 0

with € = 0 e et pie),

Since O(a) lattice artefacts depend upon all the details of the calculation, the infor-
mation given in the previous paragraphs has to be complemented with further technical
details, in order to allow for complete reproducibility. In particular, plots reported in fig-
ures i refer to a choice of the critical quark mass as obtained from the PCAC relation.
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Figure 3: Continuum extrapolation of the improvement coefficient citat(l) with HYP1 (left) and
HYP2 (right) static discretisation. On each plot, the three curves refer to independent determina-
tions at 6 = 0.5 (circles), 8 = 0.75 (triangles) and 6 = 1.0 (squares).
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Figure 4: Continuum extrapolation of the improvement coefficient bitat(l) with HYP1 (left) and
HYP2 (right) static discretisation. On each plot, the three curves refer to independent determina-
tions at 6 = 0.0 (circles), 8 = 0.5 (triangles) and 6 = 1.0 (squares).

Numerical values used have been taken from refs. 21, PJ]. Moreover, the determination
of bi’fat(l) requires the one-loop coefficient Zf\tat(l) of the renormalisation constant of the
static axial current as input. The scheme dependence of this coefficient has no effect on

the continuum limit of bitat(l), but it changes its continuum approach. Here, for each sin-

gle O-value, we used a definition of 752 from eq. (4.14) of ref. [T, where the O(a?)
f-dependent corrections at finite lattice spacing are taken as part of the definition. This
allows for a strong cancellation of the O(a) lattice artefacts in bitat(l) and leads to a safe
continuum extrapolation. Finally, the particular implementation of the axial Ward Identity

needed for cf,tat(l), which has been adopted here, refers to a choice of the lattice topology
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Figure 5: Continuum extrapolation of the improvement coefficient cf,tat(l) with HYP1 (left) and
HYP2 (right) static discretisation. On each plot, the three curves refer to independent determi-
nations at (61,62) = (0.0,0.5) (circles), (61,602) = (0.0,1.0) (triangles) and (61,62) = (0.5,1.0)
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Figure 6: Continuum extrapolation of the improvement coefficient bf,tat(l) with HYP1 (left) and
HYP2 (right) static discretisation. On each plot, the three curves refer to independent determina-
tions at 6 = 0.0 (circles), 8 = 0.5 (triangles) and 6 = 1.0 (squares).

as 7 = 2, according to the notation of ref. [IJ].
Once the improvement coefficients have been determined, one can look at the residual

O(a?) lattice artefacts of the observables from which those coefficients are extracted. As

an example, we consider the cutoff effects

XI L stat stat gstat
5XL(a/L) = 7;(‘1({) )) C1, xi=ggeda +;§tat i (6.3)
R V /i1

of the ratio X}, in the chiral limit. Here we choose to renormalise the static axial current
in the “lat” scheme, i.e. with Z5%* having only divergent logarithms without finite parts.
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Eq. (6.9) can be expandend in PT,

Xp = X3 + g5 Xz + O(gp) (6.4)
0Xp = 0X5"” + g5o X5 + O(gp)
Xg"” (a/L)
SXRO =R T, 6.6
S0 oo
(1) (1) ,(0)

X2 (e/0) - X2 (0)] X5 (0)

We note that X5 does not depend upon the choice of the static regularisation. In
order to compare lattice artefacts corresponding to different actions, one has to consider
at least the one-loop contribution § X5, which is plotted in figure [ for EH and HYP?2 at
6 € {0.5,0.75}. Remarkably, O(a?) lattice artefacts are less than 0.1% for both actions. Al-
though in principle the smearing of the gauge link could be responsible for an enhancement
of the cutoff effects, we do not observe any sign of this in our observables.

It is also important to stress that the perturbative values collected in table | need
not to be in agreement with the findings of refs. [, [[0], where a hybrid technique has
been adopted, which mixes one-loop perturbative inputs obtained from the EH or APE
discretisations with non-perturbative simulations of HYP static fermions. As an example
of this, we consider the case of b5**, for which the mixed procedure gives

Sta’ 1
RS 5= 0.014(3)g2 + O(g2) , (6.8)
Ssta’ 1
NS 5= 0.096(8)g2 + O(gg) - (6.9)

As it can be observed, the exact perturbative coefficients are sensibly different from the
effective ones, which signals the presence of non-negligible O(gj) terms within the latter,
quantifiable as the differences among the perturbative and the effective values. The hybrid
procedure is such that the differences absorb O(gg) terms of both actions used in the
improvement condition, for the limited range of the bare coupling (6.0 < 5 < 6.5) where this
has been implemented. A larger discrepancy between the exact improvement coefficients
of the two discretisations at O(gé) induces a larger discrepancy between the perturbative
coefficients of table [ and their effective partners. However, we remark that the impact of
these O(gf‘j) terms is suppressed when b5 is multiplied by a reasonably small quark mass
amg. Similar considerations can be done also for the other improvement coefficients.

7. Conclusions

In this work, we have studied the O(a) improvement of the static axial and vector currents
at one-loop order of perturbation theory with hypercubic static and Wilson light quarks.
Our methodology for the on-shell O(a) improvement is based on the Schrédinger Func-
tional. The calculation is useful in that it allows to quantify the amount of the O(g])
terms present in the hybrid perturbative/non-perturbative procedure of refs. [f, [(J].
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Figure 7: Comparison of the residual O(a?) lattice artefacts of the improved ratio Xz at one-
loop order of PT in the chiral limit, with § = 0.5 (left) and 8 = 0.75 (right) for the EH (circles)
and HYP2 (triangles) actions.

The lack of knowledge of the Feynman rules for the hypercubic static propagator
in time-momentum representation has prevented such calculation over the past years. We
simply observed that, since the static propagator is a product of temporal hypercubic links,
which are not affected by the boundaries of the Schrédinger Functional, the Feynman rules
need not to be necessarily derived from scratch, but can be obtained by inverse Fourier
transforming in time the ones obtained in full momentum space, the latter being known
from the literature [[L7).

Aside the improvement coefficients, we have found an analytical expression for the
static self-energy as a function of the smearing parameters at one-loop order of perturbation
theory. This expression has been minimised through an optimal choice of the smearing
parameters. We have found that the perturbative minimum is very close to the non-
perturbative one, obtained by means of an analogous numerical procedure performed at
non-perturbative values of the bare coupling [J], R0J. This is interpreted as a hint of fast
perturbative convergence.

Acknowledgments

We thank M. Della Morte, A. Hasenfratz and M. Papinutto for useful discussions. Special
thanks go to R. Hoffmann for sharing with us his results of the static self-energy. We are
indebted to R. Sommer for helping us check the original calculation of bitat(l) with Eichten-
Hill action and for a careful reading of the draft. F.P. acknowledges DESY-Zeuthen for
providing hospitality during the initial stage of the project. The computing centre of DESY
Zeuthen is acknowledged for its technical support. This work was supported in part by the
EU Contract No. MRTN-CT-2006-035482, “FLAVIAnet”.

— 16 —



A. Derivation of the temporal Feynman rules by direct construction

Owing to the irrelevance of the SU(3) projection at one-loop order of PT, the HYP smearing
procedure can be considered as a three-step linear lattice differential operator acting on
the gauge fields at subsequent levels. The perturbative expansion of eqs. (2.4)-(R.6) reads

BY(@) = (1 - an)gu(w) + 5 D B () +

VFEW
2 & > {9,0,BE) (@) - 9,0,BE)(«)} +O(g0). (A1)
V#u
BR)(@) =(1 - a2)gu(@) + 5 Y Bl (@) +
pFMV
+7 ; a*{9,0,B{l},(x) — 0,0, B{), (@)} +O(g0),  (A2)
pFHY
Bl (@) =gu(@) + 5 Y aH00,u(2) = 9;0u0,(2)} + Olgo),  (A)

n#pvp

where d,, and 0y, denote respectively the standard forward and backward lattice derivatives.

Since in the SF perturbative calculations are naturally performed in time-momentum
representation, the above formulae must be Fourier-transformed along the spatial direc-
tions. Before any explicit calculation, it is worth first deciding what is relevant to our

3)

aims. To be concrete, we are interested in Bo . Accordingly, the Lorentz sums in eq. (A1)
are purely spatial. The only components of Bf?,), to be considered are B ,2 and B,gg with
k =1,2,3. Analogously it can be argued of the following steps. If the notation “A ~» B”

means that B is needed to calculate A, then the whole calculation is summarised by

B ~ BY), B, k=1,2,3; (A.4)

Bé?,z s Bé},zg, Bfgk k£0=1,23; (A.5)
1 1

B - Bl B, kre=123. N

)

In order to obtain Bég) we first consider the Fourier transforms of eqs. (A.1))-(A.])
separately. Afterwards, we insert the expression obtained for the first-level smeared gauge
fields B,(},),p into B(2,), and the latter into 383). The Fourier transform of the first-level
smeared gauge field is given by

Bé D (x0:p) = {1 -y } (zo; p) —27 > (apm)adodm(x0; ) (A7)

m;«éké m£ke
~ [0 . - (0% ~ A\ ~
By (x0;p) = {1 - 73 > a2p3n}qk(:vo;p) + 73 > (abm)(apr)dm(z0;p),  (A.8)
mtkt m£ke
« . AN~
Bitanp) = {1- % ¥ @ biani) + % 3 (@)@ op), (49
Mkl mAkt
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where pr = (2/a)sin(apg/2) denotes a lattice momentum. In particular, it should be
remarked that m # k, £, i.e. the sum over m contains just one term. Similarly, one finds

_ B «
B p) = (1 — 0a)ioros ) + 52 S22 — a5 B i) +

t+k
Ne%) R ~(1
vy Z(am)a@oBé;o)k(wo; P), (A.10)
(£
S - (6%
B;g()](mo; p) = (1 — a2)dx(zo; p) + f 2(2 —a pz)B(l) (z0:p) +
0k
(&%) ~ ~ N\ (1
T gﬁ%(apé)(apk)Blg;O)k(:EO? p), (A.11)

as for the second-level smeared gauge field. Finally,

3
~ «
B (w0; p) = (1 — a1)do(o; P) Fl > (2 —a’pp) ,2;2(350;13) +
k=1
a1y 5(2)
—i > (apr)ado Byg(xo; p) - (A.12)

k=1

Instead of working out the whole expression alltogether, we observe that the final result
is expected to be a linear combination of Go(xo;p), Gr(xo;P) and gx(zo + a;p). Single
contributions can be considered separately.

In order to extract the coefficient of gy(xg, p), we observe that B,glgé and Bélo)k have no

temporal gauge field, which appears only in B(() ,25 Accordingly, B I(f()) is independent of gp.

Instead, B((), ,2 has such dependence. The coefficient c(() ) multiplying ¢y in B ,2 can be easily

isolated, i.e.

a o .
=121 +a3) a 24 ETT o257 . (A.13)
£k £k
Analogously, the coefficient cé?’) multiplying ¢g in Bég) can be isolated upon replacing B(() ,2

with its explicit value. Some algebra leads to

= (1—ar)+ %2(2 a22)c? = foolp) - (A.14)
k

A similar procedure allows to extract the spatial contributions to E(()?)) (xo; P)-

B. Spatial parallel transporter

In this appendix we report the Feynman rules for the spatial HYP link in time-momentum
representation. We follow section 4 and base our derivation on the inverse Fourier transform
of the Feynman rules in momentum space, first obtained in ref. [7). We start from eq. (f.7),

B(g( ) = fro(p )+ Z Jrn()@y(p) + frr(P)dr(p) + O(go0) - (B.1)

n#0,k
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Contributions on the right hand side are worked out separately. Some algebra leads to the
expressions

~ . 1 ; q
BV (wo;p) =7 D e i (p)do(p)

po
o1, .~
= —zé(apkmko( JadGdo(wo; p) (B-2)
315:32 0P Zelpox() Z fkr]
n#0,k
— (ap) > |AL) D)+ AL (©)a*500 | dy(w0:p) (B.3)
n#£0,k

B (20;p) = —Zelpoxofkk p)3k(p)
= {1 + éQko(P)a%ékao—

- Y (o) [850) + A fartawn). B

n#0,k

where we have introduced the symbols

s (6% N (6% "
ALP) = D(apy) [1 Faa(l+an) - 2214 2a3><a2p5¢k,n>} , (B.5)
o R o [e%Ye’; R
Azﬁ?(p) = Fl(apn) {f(l + 2a3) — 24 % (a?p éﬁk,n)} : (B.6)

Egs. (B-2)-(B.4) can be written in the compact form

(z0;p) ZVK‘Z )(zo + as(i);p), (B.7)

where the vertex Vj.;(p) and the auxiliary indices p, s are collected in table i

C. Derivation of eq. (5-3))

To conclude, we detail the calculation of the static self-energy and provide a derivation of
eq. (B.3). We consider the boundary-to-boundary correlator f;tat, defined in ref. [[L1] via

a'? ~/

S = 576 (¢ ()5¢,(v)Ch(y)15¢ (7)) - (C.1)

uvyz

Expanding f$*** at one-loop order of PT allows to write the coefficient e see eq. 6,
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i op(i)  s(4) Vii(P)

0 0 0 —i%aprSko(P)

1 0 -1 i aprko(P)

2 k01— %0(p) + X, by 2AY (p) — A (p)
3 k1 L0(P) — X,so WPr A (P)

4 k1 B O0(P) — Xio s WPn A (P)

5 m0k 0 apr[AL) (p) — 241 (p))

6 m0k 1 aﬁkAi(gtg (p)

7m0k -1 aﬁkAi(gtg (p)

Table 4: Feynman rules of the spatial HYP link in time-momentum representation. The symbol
7; 0k denotes a sum over n # 0, k.

in terms of the Feynman diagrams of figure [i], i.e.

e = a/L—>0 3L4 Z Z Z b(uo, vo) Z Op(iyn(i) Vosi (P) Vo (—P) %

up=a vo=a i,j=0
X du(i)u(J)(UO —a+t ‘13( ),v0 — a+ as(j); p)
=" 2
a/L_’O 3 L3 Z uoE:avoz:ab UO’UO an'UO, p) ’ (C )

where d,, (o, Y0, p) denotes the gluon propagator in time-momentum representation, cf.
ref. [IJ] for a definition. The weight-coefficient b(ug,vg) is given by

1/2  wug =g,
b(ug, vo) = { / Y (C.3)

1 otherwise,

and the interaction blob

V(uo,v0,P) = D Suiiyu(i) Voii (P) Vo (—P)du(ipu(i) (o — a + as(i),vo — a + as(j); p) (C.4)
4,j=0

denotes a HYP gluon propagating on the lattice from time wug to time vy with spatial
momentum p. The above expression can be simplified by using spatial rotational invariance,
i.e. di1 = dop = d33 and d;; = 0 if ¢ # j. Accordingly, the vertex reads

V(uo, vo, p) =|Voo(p)|*doo(uo — a,v0 — a; p)
+ [Vou (P) P + Vo (P)* + [Vos(p)?] x
X [k (uo — a,vo — a; p) + dix(vo, vo; P) —
— dyx(uo,v0 — a; p) — dix(uo — a,vo; p)] - (C.5)
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From eq. (C), we conclude that the HYP vertex Vy.;(p) enters the coefficient e(*) only in
the rotationally symmetric combinations

hY (p) = [Voo(p)|?,
h (p) = Vo (P)* + [Vo (P)* + [Vois(p)[? - (C.6)

These quantities are multivariate polynomials of the HYP smearing parameters, i.e.

1 8k‘1+k22+k3 h(hs)

2
R (6:5) _ w(t’s) ook ks ’ w(t@) _ o (Cr
(p) ;ﬁkzzk;:o k1koks (p) 172 =3 k1kaks kplkolks! ao/fl 80/52 60/53 ( )

. t
The coeflicients w( )
kikoks

several variables. They can be algebraically evaluated; the non-vanishing ones are reported

have been written according to the generic Taylor expansion in

in section C.1 in units of the lattice spacing. Spatial rotational invariance is evident.

Upon inserting eq. (C.7) into eq. (C.5) and eq. (IC.5) into eq. (C.2), the final result
represented by eq. (F.3) is obtained with coefficients

T uQ
m  _ g 4 2
Chikaks —a}iﬂogﬁza > D bluo,vo) x
p

ug=a vo=a
t
x {wl(cl)kzk3(p)d00(u0 —a,vy — a;p)

+ w;isl)kas(p) [dii(uo — a,vo — a; p) + dik(uo, vo; P) —

—dkk(uo, vo — a; p) — dyk(uo — @, vo; P)] } : (C.8)
C.1 Coefficients w,(:lz)z ks
wigy =1, (C.9)
Wit = —3 @} + 3+ 7). (C.10)
Wt =~ (% + 58 + ) + ¢ (303 + 3R + 343 (1)
wih = —5 61+ 83+ 89) + 5 (R + 5303 + 930%) — 7 530883, (c12)
wiy = % (% + P4+ ) + % (B33 + D293 + 2p3) (C.13)
Wy = =+ 54+ 5 + 5 (5303 + 55 + 303) —
— o= 1A+ A% + 4% + 5% + 0 + OR) — SRR, (1
Wiy = 12 (58 + 94+ ) + 5 (8303 + 5333 + 53%) —
~ 15 (5483 + B + 6% + 0393 + 5453 + pA5R) — ¢ ARRAR +
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Wy = 5 (p1 + P2 +P3) + I (P1P3 + P1pP3 + Pap3) —
- gp?pgpg T 195 + D13 + Dbt + Pap3 + H3PT + Pspa) +
~D A9 A A2 ~D

T e
+ 35 (P13 + P1P3 + Pabs) + = (P1P3P3 + Papip3 + P3pins) —

L udo | 44,2 | 4-4.2 I 44
~ 5 (P1Pap3 + D1D3Ds + Pap3pt) + 61 P1P2Ds -
1 A2 ~2 ~2
’wéso)o = — (p1 + P53 +P3),

w;)o =

w;)l =

wésé)o =

oo

1
L2 a2 a2 982 | 229 | 9.2
(p1 +p5 +p3) — R (pTP3 + D1D3 + P3P3) 5
1 1
2 A2 A2 1242 | 2242 | 2D ISPORT)
(p1 +p3 +p3) — §(p1p2 + p1p3 + Pap3) + T3 P1PaP3
. R R 1 5. 9 9
(7 + P35 +P3) — 5 (P13 + PP + P3p3) +

O = O = O ==

+ o (0183 + PR + 393 + 5% + 6% + 343 + - 339383,
Wi = 2 G+ 95+ ) — 5 (5R53 + A% + 30%) +
o (B3 + 193 + 535 + 363 + 303+ pAR) + 5 PR -
— o (PR30 + AR + P3A1A3).
wilh = o B3+ 53+ 83) — 5 (5393 + A% + 30%) +
+ o (103 + 553 + 3% + 5 + 39+ BLAR) + - HARAR +

4 52 A2 VN

9 72
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